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Transport through quasi-one-dimensional wires with correlated disorder
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(Dated: February 17, 2018)
We study transport properties of bulk-disordered quasi-one-dimensional (Q1D) wires paying main
attention to the role of long-range correlations embedded into the disorder. First, we show that for
stratified disorder for which the disorder is the same for all individual chains forming the Q1D wire,
the transport properties can be analytically described provided the disorder is weak. When the
disorder in every chain is not the same, however, has the same binary correlator, the general theory
is absent. Thus, we consider the case when only one channel is open and all others are closed. For
this situation we suggest a semi-analytical approach which is quite effective for the description of the
total transmission coefficient. Our numerical data confirm the validity of our approach. Such Q1D
disordered structures with anomalous transport properties can be the subject of an experimental
study.
PACS numbers: 03.65.Nk, 73.23.-b
I. INTRODUCTION
Recently, much attention has been paid to the problem
of correlated disorder in one-dimensional (1D) systems
(see for example, Ref. [1] and references therein). As is
known, in 1D models with white-noise disorder all eigen-
states are localized in infinitely large samples, indepen-
dently on the strength of disorder2–4. Although this re-
sult, known as the Anderson localization5, was rigorously
proved for continuous potentials long ago, one has to note
that for the tight-binding and Kronig-Penney models the
presence of discrete resonances do not allow to treat the
problem of localization rigorously for any value of energy
inside the energy bands. This fact leads to the failure of
the single-parameter scaling (SPS)3 according to which
all transport properties of finite samples depend on the
ratio of the actual sample size to the localization length
defined in the limit of infinitely large samples. On the
other hand, the energy intervals where the SPS fails are
typically small and in real applications may be neglected.
As recently argued in Refs. [6,7], outside the resonances
the analytical results for the transmission coefficient and
its variance, obtained for 1D continuous random poten-
tials, can be safely used for tight-binding and Kronig-
Penny models as well, provided the energy is not too
close to the resonances. Moreover, it was shown that
with specific methods one can effectively modify the the-
ory and describe the global properties of the transmission
within the whole energy region, including the resonance
regions6.
For a long time the localization properties of weakly
random potentials in the presence of correlations
(colored-noise potentials) were discussed scarcely, in spite
of the fact that the results developed for continuous 1D
potentials have been obtained in the general form8, allow-
ing to analyze the influence of both short and long-range
correlations (see discussion in Ref. [1]). The interest in
the problem of localization for colored-noise potentials
has been triggered by numerical studies of discrete dimer
models for which the onset of delocalization has been
observed numerically9,10. Later it was understood that
such delocalization emerging for discrete values of en-
ergies does not contradict the general statement of the
theory of localization according to which delocalization
is not possible for 1D disordered potentials. Nevertheless,
since in reality the size of disordered samples is always
finite, one can speak about an effective delocalization
within some intervals of energy. Then, the coexistence
of localized and delocalized eigenstates can be controlled
by the specific choice of correlations. This non-trivial
possibility to control localization properties due to spe-
cific correlations has led to intensive studies of anomalous
transport properties in colored-noise potentials.
One of the results of studies of tight-binding models
with colored-noise disorder is the discovery that long-
range correlations can lead to vanishing Lyapunov ex-
ponent in a finite range of energy inside allowed energy
bands11,12. Although this result is obtained for weak
disorder in the first-order perturbation theory, one can
speak about the emergence of effective mobility edges
dividing the regions with localized and extended states.
The theoretical predictions of arranging narrow energy
windows with perfect transmission in a desirable range of
energy has been experimentally confirmed in microwave
experiments with point-like scatterers inserted into one-
channel waveguides13,14. Alternatively, it was shown that
with long-range correlations one can strongly enhance the
localization even when the strength of disorder is weak15.
The important point is that such localization of eigen-
states can be achieved in quite narrow energy regions,
thus resulting in a strong selective reflection of scatter-
ing waves. Both numerical and experimental results have
demonstrated robust anomalous properties of scattering
even in disordered samples of relatively small size.
It should be stressed that apart from specific colored-
noise potentials that can be experimentally arranged,
there are many physical situations where long-range cor-
relations are not avoidable and have to be taken into
account. One of such situations occurs in experiments of
1D optical lattices with interacting bosons (see for exam-
2ple [16–18]).
In contrast to the problem of correlated disorder in 1D
systems for which the theory is practically developed, the
transport properties of Q1D systems with colored noise
are not well understood. Among the setups studied in
this direction one can mention the tight-binding Ander-
son model with two-coupled chains19, the models with
stratified or layered disorder20,21, and multi-mode waveg-
uides with long-range correlations in surface profiles20,22.
The aim of this presentation is to contribute to the the-
ory of correlated disorder in the Q1D geometry. Specifi-
cally, we consider the Q1D model of the Anderson type
in correspondence with the results obtained in the the-
ory of 1D disordered models. As the first step we an-
alyze the situation for which the scattering potential
has specific long-range correlations in the longitudinal
x−direction, however, does not depend on the transverse
y−coordinate. As is shown in Ref. [20], for such stratified
disorder the problem can be solved analytically by the re-
duction of the Q1D scattering problem to the analysis of
the scattering along N independent 1D channels. Specif-
ically, the independence of the disorder on the transverse
coordinate allows one to reduce the model to a coset of
non-interacting channels characterized by different local-
ization lengths22,23. Note that since now the total con-
ductance is a complicated combination of partial 1D con-
ductances, the concept of the single parameter scaling is
not valid20,21.
In our study we explicitly show, both analytically and
numerically, that long-range correlations in Q1D wires
with stratified disorder can produce a non-monotonic
step-wise energy-dependent conductance. Numerical
data indicate that by introducing an additional white-
noise disorder in the transverse direction the effect
of long-range longitudinal correlations is strongly sup-
pressed, however, it practically remains unaffected in the
channel with the lowest index.
This paper is organized as follows. In the next Sec-
tion we define the model of Q1D wire and give basic re-
lations for the characterization of scattering properties.
Specifically, we show how the transmission though Q1D
wires with stratified disorder can be explained in terms
of the independent partial transmission coefficients cor-
responding to the 1D wires composing the Q1D struc-
ture. In Section III we explain the approach according to
which we numerically compute the scattering properties
of the Q1D correlated wires, based on an effective non-
Hermitian Hamiltonian describing the scattering. Then,
we verify our analytical predictions by comparing them
with numerical data, and show that for a special choice
of the correlated disorder the conductance shows a highly
unexpected step-wise energy-dependence. Finally, in Sec-
tion VI we draw our conclusions.
FIG. 1: (Color online) Disordered Q1D wire of length N and
width M connected at both ends to semi-infinite ideal leads.
II. MODEL AND SCATTERING SETUP
The model consists of a rectangular array of sites of
length N and width M ≪ N , with nearest neighbor cou-
plings, see Fig. 1. The Hamiltonian corresponding to this
setup has the following form,
〈n,m |H |n′,m′〉 = ǫnmδnn′δmm′ − v(δnn′δm,m′+1
+ δnn′δm,m′−1 + δn,n′+1δmm′ + δn,n′−1δmm′) . (1)
The on-site entries ǫnm are assumed to be random num-
bers whose statistical properties will be specified below,
while the coupling amplitudes v between sites are con-
sidered to be constant. The disordered wire is connected
to semi-infinite tight-binding leads of width M marked
in Fig. 1 by open circles. In the leads, for n ≤ 0 and
n ≥ N , the disorder is absent and the coupling ampli-
tudes between the sites in the leads are also fixed to v.
The corresponding stationary Schro¨dinger equation for
the eigenstates ψnm of energy E reads,
v(ψn,m+1+ψn,m−1+ψn+1,m+ψn−1,m) = (E − ǫnm)ψnm .
(2)
Without disorder, ǫnm = 0, the solution ψnm are plane
waves with wave number µq in the transverse direction.
In the following, the index q = 1, . . . ,M is treated as the
channel (or mode) number. In our model we assume zero
boundary conditions in the transverse direction, ψn,0 =
ψn,M+1 = 0, therefore, the dispersion relation takes the
form,
2v cosµq = E − 2v cos
(
πq
M + 1
)
, q = 1, . . . ,M . (3)
From this relation one can see that the q−th channel
is open as along as the energy fulfills the condition inside
the interval
− 2v ≤ E − 2v cos
(
πq
M + 1
)
≤ 2v , (4)
and outside it µq becomes imaginary. In fact, the latter
equation determines the number M1(E) of open modes
3in dependence of the energy. For example, at the band
center, E = 0, all modes are open and M1 = M . While
for |E| < 1+ cos (π/M + 1) all modes are closed. Taking
into account that
cos
(
πq1
M + 1
)
> cos
(
πq2
M + 1
)
for q2 > q1, one can obtain the expression for the number
of open modes in terms of the energy and channel number
q,
M1 =
 q if cos
(
(q+1)pi
M+1
)
< |E|2v − 1 < cos
(
qpi
M+1
)
0 if |E|2v > 1 + cos
(
pi
M+1
) .(5)
III. NON-HERMITIAN HAMILTONIAN
APPROACH
In order to analyze transport properties of our model
in what follows we use the non-Hermitian Hamiltonian
approach (see for example [24–27]). The key point of
this approach is based on the projection of the total Her-
mitian Hamiltonian H (disordered part plus leads, see
Eq. (1)) onto the basis defined by the Hamiltonian H(int)
describing the properties of the closed model (only dis-
ordered part, see Fig. 1). In this way the leads are con-
sidered as a continuum to which the disordered part is
coupled according to given boundary conditions. The
knowledge of the effective Hamiltonian H(int) allows one
to construct the scattering matrix and, as a result, all
transport properties can be obtained.
For our model the non-Hermitian Hamiltonian ex-
pressed in the site basis |n,m〉 has the following form,
〈n,m|H(E)|n′,m′〉 = 〈n,m|H(int)|n′,m′〉
−
M1∑
q=1
eiµq (γLδn1 + γRδnN ) δnn′Pqm′Pqm . (6)
Here H(int) is the Hermitian Hamiltonian of the inter-
nal system, while the second term in the right hand side
corresponds to the coupling of the internal system to the
leads. In the general case the coupling is characterized by
two parameters, γL and γR, with L and R denoting the
left and right leads, respectively. In our study, for sim-
plicity, we assume symmetric couplings, γL = γR = γ.
As is defined above, µq stands for the wave number at
the q−th channel and is related to the energy E through
the dispersion relation (3). The elements Pij in Eq. (6)
are nothing but the basis states in which the Hamiltonian
H(int) is presented. In fact, they are eigenstates of this
Hamiltonian in the absence of disorder,
Pij =
√
2
M + 1
sin
(
πij
M + 1
)
. (7)
Equation (6) can be written in matrix form as follows,
H(E) = H(int) + 2πAQ(E)AT − iπAAT . (8)
Here H(int) is the NM × NM Hermitian matrix with
ordered matrix elements
〈
n,m
∣∣Hint(E)∣∣n′,m′〉. The
second Hermitian and third non-Hermitian terms in the
right hand side of Eq. (8) represent the real and imag-
inary parts of the coupling to the leads, respectively.
As for the coupling matrix A of size MN × 2M1, it
is composed by the ordered coupling amplitudes A =
{A
(Lq)
mn , A
(Rq)
mn } between the internal states |n,m〉 and
open left and right channels Lq and Rq, respectively.
Thus, the coupling amplitudes are given by
ALqmn = (γL/π)
1/2
√
sinµqPqmδn1 , (9)
ARqmn = (γR/π)
1/2
√
sinµqPqmδnN .
Q(E) is the 2M1 × 2M1 diagonal matrix with real el-
ements ordered as {Q1, Q2, . . . , QM1 , Q1, Q2, . . . , QM1},
where
Qq(E) = − (cotµq) /2, q = 1, . . . ,M1(E). (10)
Now, from the effective non-Hermitian Hamiltonian we
can pass to the scattering S-matrix written in the channel
space,
S =
(
t r′
r t′
)
=
1 + C†K
1 + CK
, (11)
where t, t′, r, and r′ areM1×M1 transmission and reflec-
tion matrices. Below, we chose the coupling parameter
γ in such a way that the transmission in each channel
is maximal. This means that we consider the so-called
perfect coupling for which the average scattering matrix
is zero 〈S〉 = 0. In our case, both for the 1D model with
M = 1 and for the Q1D model with M > 1, the perfect
coupling corresponds to γ ≈ v.27
It can be shown that the matrix C in Eq. (11) of size
2M1 × 2M1 has the following structure,
C = iπ − 2πQ(E).
As for the reaction matrix K (of the same size 2M1 ×
2M1), its matrix elements are defined by
Kab(E) =
∑
nm
Â
(a)
nmÂ
(b)
nm
E − Enm
, (12)
Â(a,b)nm =
∑
rs
A(a,b)rs ψrs(Enm) .
Here, ψrs are the components of the eigenvector of the
matrix Hint having the eigenvalue Enm, and we have
introduced the channel index a, b ≡ cq that indicates
which lead c = L,R and mode q we refer to. Once the
S-matrix is known one can calculate the dimensionless
conductance g =
(
2e2/h
)
T , where T = Tr(tt†) is the
transmission coefficient28, with e as the charge of the
electron and h as the Planck constant.
It should be noted that at the band center the relation
(8) reduces to the simple form,
H = H(int) − iπAAT ,
4in which the coupling to continuum is described by the
imaginary term only. In addition, in the 1D case the
scattering matrix (11) takes the well known form,
S =
1− iπK
1 + iπK
.
IV. CORRELATED STRATIFIED DISORDER
A. Analytical results
In this Section we consider the so-called stratified dis-
order for which the potential is independent of the trans-
verse coordinate quantized by the index m, i.e.
ǫn1 = ǫn2 = . . . = ǫnM ≡ ǫn. (13)
In this case our model can be reduced to a set ofM 1D in-
dependent chains which are nothing but 1D tight-binding
Anderson models20. To show this, first, we rewrite the
Schro¨dinger equation (2) in the matrix form,
a(n−1) + a(n+1) =
(
E −B(n) −C
)
a(n) , (14)
where a(n) is the vector with components ψnm (m =
1, . . . ,M). Here B(n) and C are M ×M matrices with
elements given by
B
(n)
ij = ǫnjδij ,
Cij = v(δi,j+1 + δi,j−1) . (15)
Then, we pass to a new unperturbed basis through the
transformation,
b(n) = Pa(n) , (16)
where the columns of the matrix P are the eigenvectors of
the Hamiltonian matrixC that correspond to the 1D An-
derson model of size M with vanishing disorder, ǫi = 0,
and zero boundary conditions. Note that the correspond-
ing eigenvectors and eigenvalues are analytically known.
In this representation the Schro¨dinger equation (14) takes
the form,
b(n+1) + b(n−1) =
(
E −PTB(n)P−D
)
b(n) , (17)
where the elements of the M ×M matrix D are given by
Dij = 2v cos
(
πi
M + 1
)
δij , (18)
while the elements of the M ×M matrix P are given by
Eq. (6).
For the stratified disorder Eqs. (17) become uncoupled
since PTB(n)P = B(n) is a diagonal matrix. Hence, the
Q1D Anderson model is reduced to a set ofM 1D chains,
where the energy for each chain is given by
Eq = E − 2v cos
(
πq
M + 1
)
, q = 1, . . . ,M . (19)
Let us now specify the properties of the stratified dis-
order. First, we assume zero mean and small variance σ2
of the site energies,
〈ǫn〉 = 0 , σ
2 = 〈ǫ2n〉 ≪ 1 , (20)
where 〈· · ·〉 denotes the average over different realizations
of disorder. Apart from that, we assume that the statis-
tical properties of disorder are defined by the two-point
correlator describing the long-range correlations. There-
fore, an additional ingredient of the disorder is the spe-
cific form of the normalized binary correlator,
χ(k) =
〈ǫnǫn+k〉
σ2
, (21)
to be defined below.
Since our model with the stratified disorder can be rig-
orously reduced to a set of M 1D chains, one can try to
apply the theory of 1D localization developed for contin-
uous potentials. According to this theory for weak disor-
der and in the limit N →∞, the eigenstates b
(n)
q (in our
case, the components of the vectors b(n), see Eq. (17)) are
exponentially localized with the characteristic length l
(q)
∞
related to the q−th channel. As is known, the inverse
localization length can be defined in terms of the Lya-
punov exponent λq, and the analytical expression for the
latter has the following form (see for example Ref. [1]),
λq ≡
1
l
(q)
∞
=
σ2
8 sin2 µq
W (2µq) ,
W (2µq) = 1 + 2
∞∑
k=1
χ(k) cos 2µqk . (22)
As one can see, the correlation properties of the random
sequence {ǫn} are entirely defined by the power spectrum
W (µ) of the binary correlator. Note that this result is
correct for weak disorder; as for the higher moments of
the correlations they may contribute to the localization
length only in the next order of perturbation theory in
the disorder parameter σ2. Note that for white noise
disorder, we have W (2µq) = 1.
Now we focus on the problem of scattering through
the disordered region represented by full circles in Fig. 1.
Since for the stratified disorder the transmission along
every 1D channel is independent from those along the
other channels, the total transmission coefficient T can
be expressed as the sum of partial coefficients Tq cor-
responding to the propagation of incident plane waves
along the q−th independent channels,
T (E) =
M1∑
q=1
Tq(E) . (23)
This expression agrees with the Landauer concept of
conductance28. HereM1(E) is the number of open modes
in the leads given by Eq. (5).
5Above we announced that we plan to use the analyt-
ical results developed for 1D continuous models. How-
ever, the model under consideration is a discrete model
for which the theoretical analysis is restricted due to the
presence of resonances in the energy space (see for exam-
ple [1,29] and references therein). Specifically, there are
no rigorous results for the probability distribution of T ,
or equivalently, for the corresponding moments for any
energy inside the allowed energy band. To the contrary,
for continuous random potentials with weak disorder the
problem of scattering through finite 1D wires was rig-
orously solved by various analytical approaches1,8. In
particular, there is an exact expression for the average
transmission coefficient in terms on the ratio of the lo-
calization length l∞ to the length N of the sample
1,8,
〈Tq〉 =
√
2x3q
π
exp
(
−
1
2xq
)∫ ∞
0
z2
cosh z
exp
(
−
z2xq
2
)
dz,
xq = l
(q)
∞ /N . (24)
In Eq. (24), we have added the index q in order to in-
dicate to which channel we are referring to. Here, the
brackets stand for the average over a number of different
realizations of the correlated disorder.
As was found in Ref. [7], the latter expression turns out
to be very good even for the 1D tight-binding Anderson
model, provided the energy values are not very close to
the resonances. Moreover, recently a new approach has
been developed in Ref. [6] allowing one to modify the
standard perturbation theory in such a way that it gives
good results also at the resonant energies. In particular,
it was shown that Eq. (24) still gives a good descrip-
tion of numerical results at the resonances, provided the
expression for the localization length takes into account
the influence of these resonances. Thus, relation (24),
together with Eqs. (22) and (23), give us the possibility
to obtain the expression for the transmission coefficient
〈T (E)〉 in dependence on the model parameters. Below
we verify the validity of Eq. (24) by comparing it with
numerical data.
B. Numerical data
Since the localization length l
(q)
∞ of any q−th conduct-
ing channel is fully determined by Eq. (22), if the power
spectrum W (2µq) vanishes within some energy window,
the corresponding channel will be fully transparent in
this energy interval11,12,30. This prediction has been con-
firmed both numerically and experimentally for the 1D
Anderson model (see details and references in Ref. [1]).
Here our interest is on how this effect can be seen in the
Q1D model with the stratified disorder. To do this, we
choose the following form of the binary correlator,
χ(k) =
1
2k(µR − µL)
(sin 2µRk − sin 2µLk) . (25)
As one can see, this correlator exhibits a power law decay
which is typical for long-range correlated disorder. It can
be shown that the correlator (25) results in the step-wise
power spectrum,
W (Eq) =
{
W0 if EL ≤ |Eq| ≤ ER
0 if |Eq| < EL or ER < |Eq| ≤ 2v
.(26)
Here, µL and µR are related to EL and ER through
the dispersion law for the 1D system, E = 2 cosµ,
and W0 is determined by the normalization condition∫ pi/2
0
W (µ)dµ = π/2 (see details in Ref. [1]). Note that
we have omitted the transverse index m since each chain
has the same disorder sequence ǫn. In our numerical sim-
ulations we consider the following fixed values: EL = 0.4,
ER = 1.3, σ
2 = 0.02, and v = 1.
Correlations with the power spectrum (26) have been
already used in the literature to control the transport
properties of 1D systems30,31. In Fig. 2 we demonstrate
these properties by considering our model with one chain
only, M = 1. Specifically, we present the analytical ex-
pression for the Lyapunov exponent (22), together with
the predicted and actual dependence of the transmission
coefficient 〈T 〉, see Eq. (24). One can see a good corre-
spondence with the data showing the expected windows
of transparency in dependence of the energy E.
For the Q1D model with the stratified disorder the
scenario is much more complicated. Indeed, for any of
the q−th channels the windows of transparency are de-
fined by the energy shifted in accordance with Eq. (19).
Specifically, for each channel there are three transparent
energy windows given by Eq. (26). Outside of these win-
dows the transmission vanishes due to the chosen type of
correlations. Thus, the total transmission is obtained by
the overlap of the energy dependencies corresponding to
each channel. One can show that the average transmis-
sion coefficient is approximately defined by the integer
number due to the following expression,
Nc(E) =
M∑
q=1
(
Θ[Eq + EL]−Θ[Eq − EL] + Θ[Eq − ER]
− Θ[Eq + ER] + Θ[Eq + 2v]−Θ[Eq − 2v]
)
, (27)
with Θ[x] as the Heaviside step function. The resulting
step-wise behavior is shown in Figs. 3. Notice that the
maximum value of the average conductance is reached,
in most of the cases, in the energy region where with-
out disorder all modes are open, therefore, the average
transmission takes its maximum value M . The general
properties of such a behavior were predicted in Ref. [20].
As one can see, the main feature of the correlated disor-
der is the non-monotonic dependence of the transmission
in dependence on the energy.
The data presented in Figs. 3 is obtained by averaging
over a large number of disorder realizations with the same
kind of long-range correlations. However, from the exper-
imental view point it is important to know whether the
non-monotonic dependence of T (E) can be practically
seen for individual samples. To answer this question, it
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FIG. 2: (Color online) (a) Rescaled Lyapunov exponent λN
as a function of the energy E for one chain,M = 1. The corre-
lated disorder has been fixed by the step-wise power spectrum
of Eq. (26) with EL = 0.4, ER = 1.3, σ
2 = 0.02, and v = 1.
(b) Average transmission coefficient 〈T 〉 as a function of E.
The continuous curve corresponds to numerical data while
the dashed one is the theoretical prediction from Eqs. (22-
24). The average is taken over 100 realizations of disorder for
a disordered region of length N = 300.
may be helpful to understand how the fluctuations of
the transmission coefficient for an individual disordered
sample of size N depend on the model parameters. Ac-
cording to the theory of 1D disordered systems in the
ballistic regime, N/l
(q)
∞ ≪ 1, the variance of Tq can be
written as follows1,
Var(Ti) = 4
(
N
L
(i)
∞
)2
+O
((
N
L
(i)
∞
)3)
. (28)
Therefore, one can expect that if the q−th channel is
open (ballistic regime, Tq ≈ 1), the fluctuations should
be not very strong. On the other hand, if due to specific
long-range correlations the q−th channel is closed (local-
ized regime, Tq ≪ 1) the fluctuations are also not impor-
tant. The numerical data reported in Fig. 4 demonstrate
that the non-monotonic step-wise dependence of T (E)
can be still detected. However, the fluctuations can wash
out very narrow peaks; this can be clearly seen when the
average is performed (compare with Fig. 3).
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FIG. 3: (Color online) Same as in Fig. 2(b) for the Q1D model
with (a) M = 2, (b) M = 5, and (c) M = 10. The energy
window where all modes in the leads are open is shown by the
shaded region.
V. CORRELATED NON-STRATIFIED
DISORDER
Another important problem refers to the Q1D model
(1) with the disorder having the same correlation proper-
ties in the longitudinal direction for each chain, however,
with no correlations in the vertical direction. Mathemat-
ically, this means that the disorder potential depends
on both transverse and longitudinal coordinates, being
correlated along the sample, however, completely uncor-
related transverse to the sample. In other words, the
statistical properties for the site energies are defined as
follows,
〈ǫnm〉 = 0 , σ
2 = 〈ǫ2nm〉 , χ(k)δmm′ =
〈ǫnmǫn+k,m′〉
σ2
,
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FIG. 4: (Color online) Transmission coefficient T as a func-
tion of E for the Q1D model of length N = 300 with (a)
M = 5 and (b) M = 10. Continuous curves correspond to
the numerical data while dashed curves are the theoretical
predictions from Eqs. (22-24). A single realization of disorder
was used. The energy window where all modes in the leads
are open is indicated by the shaded region.
(29)
where χ(k) is the normalized binary correlator of the site
energies. As before, we assume that the disorder is weak,
σ2 ≪ 1. In the numerical calculations the specific form
of the correlator is chosen according to Eq. (25) with
the corresponding power spectrum (26). However, the
analytical approach can be applied to systems with any
form of the binary correlator χ(k).
When the correlated disorder is not stratified, the
model can not be represented by a set of independent
1D systems, and the analytical solution for the localiza-
tion length is known for specific cases only. It should
be, however, noted that in the case of weak white-noise
disorder the problem has been solved in Refs. [32,33]. As
for the correlated disorder, the general solution has been
obtained for the two-chain model only19.
Our particular interest in this Section is in the situ-
ation when one channel is open and all the others are
closed. Only in this case we can suggest the phenomeno-
logical expression for the Lyapunov exponent, and make
the comparison with numerical data. Thus, below we
consider the Q1D model under the following conditions
corresponding to this situation,
2v
(
1 + cos
2π
M + 1
)
< |E| < 2v
(
1 + cos
π
M + 1
)
,(30)
where the first mode q = 1 is open if E > 0. Note that if
E < 0 the open mode is the last one, with q = M . For
the two-chain model with one open channel the formula
for the inverse localization length reads19,
λ(E) =
1
32 sin2 µq
[〈
ǫ2n1
〉
W11(2µq) +
〈
ǫ2n2
〉
W22(2µq)
+ 2 〈ǫn1ǫn2〉W12(2µq)] , (31)
where µq is the wave number of the open mode (q = 1, 2).
Here the power spectra Wij(µ) are defined as
Wij(µ) = 1 + 2
∞∑
k=1
χij(k) cos(µk) ,
with the binary correlators χij(k) given by
χ11(k) =
〈ǫ1,nǫ1,n+k〉
〈ǫ2n1〉
, χ22(k) =
〈ǫ2,nǫ2,n+k〉
〈ǫ2n2〉
,
χ12(k) =
〈ǫ1,nǫ2,n+k〉
〈ǫn1ǫn2〉
.
Formula (31) is valid for weak disorder and not very close
to the critical energies where the transition from propa-
gating to evanescent regime occurs.
Let us apply Eq. (31) to our model with two chains hav-
ing the statistical properties given by Eq. (29). There-
fore, Wij(2µq) =W (2µq), and
λ(E) =
σ2W (2µ1)
16 sin2 µ1
. (32)
Note that the localization length is a symmetric func-
tion with respect to E = 0. Therefore, all localization
properties are the same either for q = 1 or q =M .
Another analytical result, however, for the white-noise
disorder reads33,
λ(E) =
(3 + δ2,M+1)σ
2
16(M + 1) sin2 µ1
, (33)
which is written for M chains and one open channel.
With the use of this expression, one can suggest the phe-
nomenological generalization valid for the correlated dis-
order as well,
λ(E) =
(3 + δ2,M+1)σ
2W (2µ1)
16(M + 1) sin2 µ1
. (34)
Note that in the case of uncorrelated disorder,W (2µq) =
1, the latter expression reduces to Eq. (33) and forM = 2
the result (32) is recovered. Quite remarkable is the pre-
diction that the inverse localization length decreases as
the number of longitudinal chainsM increases. It should
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FIG. 5: (Color online) Average transmission coefficient as a
function of the energy for non-stratified disorder. Continuous
curves represent the numerical data and dashed curves are
the theoretical prediction given by Eqs. (24) and (34). The
length of the system is N = 300 with the disorder strength
σ
2 = 0.02 for (a) M = 2, (b) M = 3, and (c) M = 4.
be pointed out that here we study the case when the lon-
gitudinal and transverse hopping amplitudes are equal,
see Fig. 1. Therefore, all the sub-bands (4) are over-
lapped. However, the expression (34) can be generalized
even for the case when the transverse hopping amplitudes
are not equal to the longitudinal ones, this could lead to
the non-overlapping of some sub-bands. In this case one
has also to take into account the influence of the evanes-
cent modes as stated in Ref. [34]. Another result can be
found in Ref. [35] where the localization-delocalization
transition was studied when considering the strength of
the transverse hopping as an independent parameter.
Now, since only one open mode contributes to trans-
mission, one can suggest that the expression for the av-
erage total transmission (in the energy region where only
one mode is open) can be obtained by inserting the local-
ization length defined by Eq. (34) into Eq. (24). Indeed,
our numerical data presented in Figs. 5 manifest that
Eq. (34) gives very good description for the total trans-
mission coefficient in the energy regions corresponding
to only one open channel. One can also see that when
more than one channel is open the energy dependence
of the transmission coefficient acquires a quite compli-
cated form, thus indicating the failure of the analytical
approach in the general case.
VI. CONCLUSIONS
We have studied the transport properties of bulk-
disordered Q1D wires paying attention to the role of
long-range correlations along disordered structures of fi-
nite size. First, we have manifested that in the case of
stratified disorder all transport properties can be fully
explained analytically. As predicted in Ref. [20], in this
case the expression for the total transmission coefficient
T can be presented as a sum of partial coefficients Tq
that correspond to independent 1D chains characterized
by the index q. Since the theory of correlated disorder for
1D tight-binding models is fully developed (see for exam-
ple [1]), this allows one to incorporate the obtained re-
sults into the problem of the correlated transport for Q1D
disordered systems. Our numerical data demonstrate a
perfect agreement with the analytical predictions. For
the numerical study we have used the approach which
is based on the non-Hermitian Hamiltonians from which
one can construct the scattering matrix, therefore, all
transport characteristics can be extracted.
As the second step, we have analyzed the model in
which the long-range correlations are taken in the same
way as for the stratified disorder, however, the individual
realizations of the disorder in the chains are independent
from each other. Since in this case the disorder poten-
tial depends on both coordinates, the longitudinal and
transverse ones, there is mixing between different chan-
nels when the waves propagate through the Q1D struc-
ture. Since the general theory is absent, we have studied
the situation when one channel is open only, while M −1
other channels are closed. For this case the rigorous the-
ory is also absent, however, we suggest an approach which
gives a phenomenological expression for the transmission
coefficient, based on the results obtained earlier for white-
noise disorder. The suggested expression turns out to be
very good, as the comparison with the data shows. It
should be noted that such a situation when the trans-
port in Q1D systems is practically defined by one open
channel can be easily arranged experimentally.
Finally, we would like to point out that specific long-
range correlations can result in a strong enhancement of
the localization, even when the disorder is weak (see re-
sults, discussion, and references in Ref. [1]). This effect
9is clearly seen from our numerical data that is obtained
for relatively short disordered samples. Specifically, the
emergence of the energy windows where the transmis-
sion coefficient vanishes or becomes very small, is a direct
consequence of the enhancement of the localization. In-
terestingly enough, such an enhancement of localization
in the selected energy windows is accompanied by the
suppression of localization in the complementary energy
windows within the energy band1. Therefore, the long-
range correlations can be considered as the mechanism
for the redistribution of the degree of localization in the
energy space. This effect can be used to manufacture
devices with controlled transport properties in photonic
heterostructures, semiconductor superlattices, and elec-
tron nanoconductors; among others.
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